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Abstract

The problem of providing connectivity for a collection of
applications is largely one of data integration: the commu-
nicating parties must agree on the semantics and syntax of
the data being exchanged. In earlier papers, it was proposed
that dictionaries of de�nitions for operators, functions, and
symbolic constants can e�ectively address the problem of se-
mantic data integration. In this paper we extend that earlier
work to discuss the important issues in data integration at
the syntactic level and propose a set of solutions that are
both general, supporting a wide range of data objects with
typing information, and e�cient, supporting fast transmis-
sion and parsing.

1 Introduction

It is widely accepted that providing connectivity between
software tools, in general, and between Computer Algebra
and other mathematical software systems, in particular, is
an inevitable development. Among others, the need for soft-
ware tool integration can be seen from several recent de-
velopments. First, the design of distributed Problem Solv-
ing Environments (PSEs) that connect symbolic, numeric,
text processing, and visualization packages. There has been
increased research in this area lately, with workshops and
white papers (see, for example, [12, 22]), a NSF-funded
project [21], as well as explorations of the use of the Web
for building wide-area, loosely-coupled systems [8, 24]. Sec-
ond, with the maturity of tightly-coupled parallel machines
and message passing systems such as PVM [13] and MPI
[19], there is renewed interest in the development and imple-
mentation of parallel algorithms for symbolic computation
(see, for example, [9, 20, 4, 3]). Finally, there is an increas-
ing need to extend the capabilities of a system through a
communication link with one or more other systems (see,
for example, [7, 11]). The \communication" approach has
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several well-known advantages over the more traditional ap-
proach of linking in additional modules to produce a single
executable image.

Several groups are currently working on di�erent aspects
of protocols for exchanging mathematical data (MathLink
[23], ASAP [10], Multi Protocol (MP) [14, 16], PoSSoXDR
[1], OpenMath [2], and MathBus [25]). The central problem
facing these e�orts is that of data integration: Mathematical
objects have a semantics and a syntax which must be shared
between communicating partners.

Semantic data integration requires a shared understand-
ing of the meaning of mathematical data. Until recently,
math protocols provided no support for shared semantics
beyond the meaning of the primitive data types and sim-
ply assumed that the communicating partners \knew" each
other. An important task of the Computer Algebra commu-
nity is to close this semantic gap. Several initiatives address-
ing this problem are underway (MP, OpenMath, MathBus)
and we hope that more experience and a careful evaluation
of the proposals will lead to a unifying solution.

Syntactic data integration requires a shared understand-
ing of the encoding and structure of the objects exchanged.
At �rst glance, achieving syntactic data integration might
seem easier and, therefore, somewhat less worthy of discus-
sion than semantics. However, our experience [16, 5] is that
this problem becomes increasingly non-trivial if one requires
the protocol to be general as well as e�cient.

Brie
y, generality refers to the applicability of the pro-
tocol to mathematical software systems and e�ciency refers
to the productivity of data communications managed by the
protocol.

This paper concentrates on the syntactic aspects of data
integration, but we recognize that the syntactic and seman-
tic sides of data integration are not mutually exclusive. We
outline the major issues that must be addressed if syntactic
data integration is to be achieved in a general and e�cient
manner and propose solutions which have worked in prac-
tice.

1.1 Syntactic data integration

We distinguish two levels of syntactic data integration. At
the lowest level is the set of basic (atomic) types supported
(such as numbers, strings, identi�ers, symbolic constants,
etc.) and their encoding. At a higher level are the rules
which govern the composition of basic types to produce
structured objects.

Syntactic generality implies that the basic types are en-
coded using a common, well-de�ned format applicable to
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a majority of mathematical software systems, and that the
rules governing the composition of structured data are rel-
atively simple and result in dynamically typed data, i.e. the
representation of an object includes su�cient type informa-
tion to unambiguously decode it without any additional in-
formation. Examples of syntactically general math protocols
include MathLink and ASAP.

Syntactic e�ciency implies that syntactic transforma-
tions (intermediate transformations between di�erent rep-
resentations of the same object, e.g., conversions between
di�erent encodings { ascii, hex, binary { for numeric data,
transformations between di�erent formats for arbitrary pre-
cision numbers, or transformations between sparse and dense
matrices or polynomial representations) and the amount of
\overhead" data (e.g., type information) are minimal. Con-
sequently, if the encodings of basic and structured objects
are close to the internal representation of the target sys-
tem(s), and if the rules governing the composition of struc-
tured data are object speci�c and statically de�ned (e.g., in
a document and hardcoded into the interface code), then
e�cient syntactic data integration is easily accomplished.
Examples of syntactically e�cient math protocols include
PoSSoXDR and the protocol used for communications be-
tween Macaulay2's front end and its compute engine [17].

The discussion above suggests a tension between gener-
ality and e�ciency. Among others, generality implies that
explicit type and syntactic information be provided with the
object, while e�ciency implies that the responsibility for
supplying this information be shifted from the object itself
to the interface code that will parse it. More simply, until
now, the more explicit the type information, the more gen-
eral, but less e�cient, the data integration, and vice versa.

Is it important to have a protocol that provides gen-
eral and e�cient syntactic data integration? Yes! Often,
mathematical software systems require communication fa-
cilities that are general for some applications and e�cient
for others. Consider the CAS Singular [18], for example.
If Singular is to be widely used as a component in a PSE
to provide specialized and state-of-the-art standard bases
computations or if Singular requires the services of another
CAS, then we clearly need a general protocol { being able to
easily establish basic connectivity is of upmost importance
for this purpose. On the other hand, there is the desire to
use Singular-based parallel and distributed computations
to expedite the execution of (time-) complex algorithms. So,
there is a real need for an e�cient protocol, since for paral-
lel, and particularly distributed parallel, computations, the
protocol's e�ciency a�ects overall computation time as well
as the grain size that can be supported. Without both, Sin-
gular, as well as many other systems, would be required
to have separate interfaces for general and e�cient com-
munications, which is clearly an undesirable duplication of
development e�ort.

The next question follows naturally: Is it possible to have
both? As we will show, the answer is yes! The main idea
behind our solution is to provide mechanisms which imple-
ment the design philosophy of \making the common case
fast"; that is, support e�cient data integration of \common
case" data. On the lower level of basic object encodings, we
realize this through negotiations of the basic data formats
and on the higher level of structure encodings, we use a 
exi-
ble and expressive data (type) description mechanism which
supports very compact and natural encodings of a standard
set of common data structures.

The next section introduces MP and discusses the prob-

lem of general and e�cient data integration within the con-
text of MP. Sections 3 and 4 give details of our solutions
for low-level basic object encodings and high-level structure
encodings, respectively. Section 5 introduces a general and
e�cient MP parser which is based on the mechanisms de-
scribed in sections 3 and 4 and whose goal is to facilitate the
development of MP interfaces for software systems. Finally,
the last section summarizes our work.

2 The Multi Protocol

The purpose of the Multi Protocol is to support general and
e�cient communication of mathematical data among scien-
ti�c computing systems. MP de�nes a set of basic types and
mechanisms for constructing structured data. Numeric data
(�xed and arbitrary precision 
oats and integers) are trans-
mitted in a binary format (2's complement, IEEE 
oat, etc.).
Composite data (such as general expressions, polynomials,
matrices, etc.) are represented as a linearized, annotated
syntax tree (MP tree) which is transmitted as a sequence of
node and annotation packets, where each node packet trans-
mits a node from the syntax tree. The node packet has �elds
giving the type of the data carried in the packet, the number
of arguments (for operators) that follow, a dictionary tag,
the number of annotations attached to the node.

A data packet is a block of data unemcumbered by node
packet headers and may refer to a single data item or a
collection of, possibly heterogeneous, data items.

Annotations carry additional information which is either
supplementary and can be safely ignored by the receiver, or
may contain information essential to the proper decoding
of the data. Each annotation is tagged in such a way that
the receiver always knows whether it can safely ignore the
annotation content or not.

In a layer above the data exchange portion of the proto-
col, MP supports collections of de�nitions for annotations
and mathematical symbols (operators and symbolic con-
stants) in dictionaries. Dictionaries address the problem of
data integration by de�ning standardized representation(s)
and semantics for mathematical objects. They are identi�ed
within packets through a dictionary tag �eld. Applications
that communicate according to de�nitions provided in dic-
tionaries do not need to have direct knowledge of each other.

Applications send (\Put" interface) and receive (\Get"
interface) messages, each containing a MP tree which is
(typically) created by calling routines from the MP Applica-
tion Programming Interface (API). An application commu-
nicates with other applications through a MP link, which is
simply an abstraction of an underlying data transport mech-
anism that is bound to the link at the time of its creation.

If MP's major goal were generality, then this goal would
be achieved best by de�ning one standard representation for
each basic and structured object and by requiring that each
datum be communicated as a node packet (i.e., each datum
is communicated together with type and other information).
Consequently, a 100x100 integer matrixA which has zero en-
tries everywhere except for A[1; 1] = A[2; 1] = A[2; 4] = 1
should be communicated as a \array of array of integer node
packets" as shown in 1. Notice that of the total 804,004
bytes communicated, 404,004 are used for node headers and
that of the 400,000 data bytes communicated, only 12 are
non-null { certainly not a very e�cient format to communi-
cate A.

On the other hand, if MP's major goal were e�ciency,
then this goal would be achieved best by having a large
variety of statically de�ned representations for basic and
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Figure 1: A encoded as general expression tree matrix

Type Dict Value #Arg:Annot Remarks

COP Basic Array 100:0
COP Basic Array 100:0 1st row
MP Sint32 1 [1,1]=1
MP Sint32 0 [1,2]=0

....
COP Basic Array 100:0 2nd row
MP Sint32 1 [2,1]=1
MP Sint32 0 [2,2]=0
MP Sint32 0 [2,3]=0
MP Sint32 1 [2,4]=1

....

Figure 2: A encoded as statically de�ned sparse matrix

Type Dict Value #Arg:Annot Remarks

COP Matrix SpIntMat 3:0 3 non-zero entries
100 1st dim
100 2nd dim
1
1
1 [1,1] = 1
2
1
1 [2,1] = 1
2
4
1 [2,4] = 1

structured objects. Consequently the matrix A would be
communicated as a \list of integer data packets" as shown
in Figure 2. Notice that it only takes 48 bytes to encode
A. Furthermore, notice that a correct decoding of A pre-
supposes explicit (i.e., static) knowledge that the operator
SpIntMat is followed by integer data packets (i.e., headerless
integers) specifying the dimensions and non-zero entries of
A { certainly not a very general format to communicate A.

Although somewhat simple, these examples illustrate im-
portant aspects of the tension of generality and e�ciency
within the context of MP. In the next two sections we will
present our solutions to this problem: a restricted form of
negotiation of basic data formats and powerful mechanisms
to dynamically describe the type and structure of homoge-
nous data using the prototype annotation. The main ideas
behind these principles can be found in the �rst papers
about MP [14, 16], and in [5] we focused on solutions of the
generality versus e�ciency problem within the context of
communicating polynomial data. Realizing that this prob-
lem is far more generally applicable and complex than in [5]
led to the research and results described in this paper.

3 MP low level data integration { Negotiations

On its lowest level, MP communicates data as unsigned 32
bit integers in a 2'complement binary representation. How-
ever, already on this lowest level, one has to make an encod-
ing choice: Should integers be communicated in Big Endian
encoding (also called network byte order) or in Little Endian
encoding? Fixing the \endianness" (say, to network byte
order as XDR does) supports generality, but introduces un-
necessary computational overhead if the two communicating
parties are Little Endian.

Similar problems occur for the communication of �xed
precision 
oating point numbers (possible encoding: IEEE,

Cray, VAX, etc.), and arbitrary precision integers (GnuMP,
PARI, SacLIB, BigNum, etc.) and 
oating point numbers
(GnuMP, PARI): again, restricting the communication to
one format supports generality, but signi�cantly and un-
necessarily decreases e�ciency if both sides use the same
non-MP format.

The solution we propose is based on a restricted form of
format negotiation. The main idea is the following: At link
creation time, a MP application writes a record to the link,
which, for each of the critical basic data types, speci�es a
list of encodings which the particular application can handle,
with a score in the range of 0 to 255 re
ecting the e�ciency
with which an encoding can be handled { the native encod-
ing is typically assigned the highest score. Furthermore, a
record of the same type is read from the link containing the
peer's preferences. Based on these two records, the encoding
of each of the basic data types is independently and uniquely
determined based on the following rule:

Choose the encoding whose sum of the scores of
both records is maximal. In case of a tie, use a
statically de�ned order as tie-breaker.

Furthermore, each list must contain at least the MP-de�ned
default member, which guarantees that it is always possible
to �nd at least one \common" encoding for communication.
In addition, if such an exchange of format-specifying records
is impossible for a particular type of MP link (e.g., for a
write-only link to a �le) then the default encoding is used.

Table 3 shows the currently supported encodings of nu-
meric MP types. We might add that these particular encod-
ings were motivated by our practical needs and could easily
be extended to include other encodings.

Data Type MP default MP alternative
format format

32 bit word BigEndian LittleEndian
�xed precision 
oat IEEE VAX

arb prec 
oat GnuMP
arb prec integer GnuMP PARI, BigNum

Table 1: Currently supported MP encodings

While the \negotiation" scheme outlined above might
seem complex at �rst sight, it is totally hidden from the user
of the MP API. For each application, the list of the possi-
ble encoding formats together with their respective scores
are determined at compile time of the MP library. The de-
termination of the encoding takes place without the user
realizing it when a MP link is opened.

4 MP high level data integrations { Prototypes

In MP, a datum is usually communicated as a node packet
and composite data as an expression tree. While this ap-
proach works well for objects having an heterogeneous and
tree-like syntactic structure, it is unnecessarily ine�cient for
objects which have a more homogenous format (like vectors,
matrices, polynomials, etc.). For such objects, we would like
to get away from an expression tree representation and sup-
port representations which more naturally (and e�ciently)
re
ect the object's internal representation and which avoid
the overhead incurred by having to communicate a node
packet header for each datum. In addition to the obvious
advantage that there would be less data to transmit and
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to bu�er inside an application's interface, parsing is sim-
pler and more e�cient, for now blocks of homogeneous data
(without headers) can be moved between the interface and
the application's internal data structure using e�cient mem-
ory move operations.

However, communicating headerless data requires estab-
lishing mechanisms which ensure that the data can still be
correctly parsed. Within the context of MP we considered
the following approaches:

1. In addition to statically de�ning the semantics of an
operator in a dictionary, we give the static de�nition
of an operator's syntax. Figure 2 gives an example.
It assumes that we explicitly de�ned in the Matrix

dictionary that the SpIntMat operator is followed by
3�#Arg+2 headerless integer arguments, where the
�rst two integers encode the dimensions and the re-
maining data are triples encoding the non-zero entries
of the matrix.

2. A MP-de�ned \type description" (i.e., prototype) dic-
tionary speci�es constructs (i.e., operators, annota-
tions, etc.) and rules used to dynamically describe the
structure of homogenous data. MP and user-de�ned
dictionaries are free to specify the \expected" syntax
of operators identifying structured objects using these
mechanisms. The corresponding prototypes (i.e., type
descriptions), however, are always sent with the ob-
ject at transmission time, so interfaces that know the
dictionary may use very e�cient routines to parse the
objects, and interfaces that do not know the dictio-
nary may still (at least) parse the object. It is in this
sense, that we can consider prototyped objects as \self-
describing".

Approach (1) has the advantage of being most e�cient
(the amount of type information sent is minimal), but has
the disadvantage that the task of parsing requires built-
in knowledge of the de�nitions in a referenced dictionary.
Clearly, this approach is inappropriate for a general pro-
tocol. Consequently, we decided to pursue (2). As we will
show, a careful design of the grammar for the self-describing
encoding of headerless data results in mechanisms which are
almost as compact as (1) and have the additional advantage
that the communicated data can always be syntactically ma-
nipulated (e.g., stored, displayed, duplicated, etc.). In other
words, the realization of approach (2) is our solution to the
e�ciency versus generality problem on this syntactic level.

4.1 The prototype annotation

The main construct to specify the type and structure of ho-
mogenous data is a MP Prototype annotation. It may be
attached to an operator and its value (which is again a MP
Tree, often referred to as prototype tree) speci�es the syn-
tax, and, possibly some semantics, of all arguments of the
operator. Subsequently, the entire collection of argument
data items can be placed in a data packet. A receiver side
would retrieve the prototype and use it to properly decode
the (headerless) data.

For describing prototype trees, we more formally de�ne
the syntax of a prototype annotation by

<Prototype AP> ::= AP(MP Prototype)<MP TypeSpec>

<MP TypeSpec> ::= <Basic TypeSpec> j
<Operator TypeSpec>

Figure 3: An array of 1000 IMP Real32 numbers

Type Dict Value #Arg:Annot Remarks

COP Proto MP Array 1000:1 1) CommonOp

AP Proto MP Prototype 2) Proto Annot
CMBP Proto IMP Real32 3) type spec

1.0 4) data packet

2.0 data only, no
3.0 extra pkt
: : : info

where AP(x) is an Annotation Packet of type x,. Further-
more, we make a distinction between prototype speci�cation

time, the time at which we create (send) the prototype, and
data communication time, the time at which we actually
send the data described by the prototype.

4.2 Basic type speci�cations

Basic type speci�cations denote that the type of the data to
be read is one of the MP atomic types or an extension sup-
plied in a dictionary as a Basic TypeSpec. The atomic MP
types are the non-operator types: those that cannot have
arguments and can only appear as the leaves of a tree. A
distinction is made between a datum sent with and without
the packet header. The former are prefaced with MP and
the latter with IMP . For example, MP Sint32 corresponds
to a node packet containing a signed 32-bit integer, requir-
ing 4 bytes for the packet header and 4 bytes for the data.
Sending a complete node packet is useful if we need to at-
tach di�erent annotations to that node at di�erent points in
the data. IMP Sint32 indicates that the integer is to be sent
without a node packet header, that is, as (part of) a data
packet. It is not possible to attach annotations directly to
data in a data packet.

The speci�cation of MP basic types is done using Com-
monMetaBasicPackets (CMBPs) whose value speci�es the
type of some data that will appear later. The value of a
Common Meta Basic Type is an integer encoding identify-
ing a basic type. Section 4.3.3 discusses user-de�ned types
de�ned in a dictionary.

The following simple example makes this more concrete
and helps motivate the discussion. We encode an array of
1000 IMP_Real32 numbers as shown in Figure 3. COP indi-
cates a Common Operator Packet. Note that the prototype
speci�es that the elements of the array were transmitted
without corresponding node packets (IMP_Real32 is used in-
stead of MP_Real32) on line 3, so only the actual data from
the array is transmitted in the MP tree that follows the
prototype.

Line 1 tells the receiver that what follows is an array of
1000 items. The prototype on lines 2 - 3 indicate that each
element of the array is of the type IMP Real32. Recall that
\IMP" indicates an instance of the data type and not a com-
plete node packet of that type. The data follows (line 4 on),
but without node packets to individually specify the type of
each element. For an array of 1,000 32-bit 
oats, the data
requires 4,000 bytes and an overhead for the node packet
headers of 4,000 bytes. Using the prototype to specify the
element type of the array reduces the total size of the ar-
ray's encoding from 8,008 bytes (4,008 bytes total overhead)
to 4,016 bytes (16 bytes of overhead). An important point
to make about prototypes is that the size of the prototype is
largely independent of the size of the data. In the example
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above, the overhead for the prototype stays at 16 bytes even
if, for example, the size of the data doubles (4 to 8 bytes for
an IMP_Real64) or the length of the array increases.

4.3 Operator type speci�cations

The most simple of prototypes consist of a single Basic Type-
Spec, as in the example above. For more complex data
structures such as matrices, arrays of structures, and re-
cursive data structures, operators must appear within the
prototype tree. These more complex objects can be con-
structed from four basic structuring operators: structures,
unions, arrays, and pointers. User-de�ned structures are
also supported. Syntactically, we de�ne:

<Operator TypeSpec> ::=
<General Operator TypeSpec>
j <Meta Operator TypeSpec>

<General Operator TypeSpec> ::=
MP CommonOperatorPkt(MP Struct)n <MP TypeSpec>n

j MP CommonOperatorPkt(MP Union)n <MP TypeSpec>n

j <OperatorPacket>(OP)n <MP TypeSpec>n

<Meta Operator TypeSpec> ::=
MP CommonMetaOperatorPkt(MP Array) <Prototype AP>
j MP CommonMetaOperatorPkt(MP Pointer) <Pointer AP>

<Pointer AP> ::=
<Prototype AP> j AP(MP RecursiveStructAnnot)
j AP(MP RecursiveUnionAnnot)

<OperatorPacket> ::=
MP OperatorPkt j MP CommonOperatorPkt

where OP is any operator. An index n to a packet speci�-
cation indicates that the packet has n arguments within the
prototype tree (all MP TypeSpecs).

4.3.1 General Operator TypeSpec

As indicated above, the arguments to a \general" operator
appearing in a Prototype tree are all MP TypeSpecs. Two
obvious cases where the need for this arises are in the spec-
i�cation of structures and unions.

Struct TypeSpec

<Struct TypeSpec> ::=
MP CommonOperatorPkt(MP Struct)n <MP TypeSpec>n

A collection of (possibly heterogeneous) objects to be
treated as logically related is described using a MP_Struct.
The number of arguments �eld speci�es both the number
of actual arguments the operator has in the Prototype tree
and the number of data items to be read from the data
packet that follows the Prototype tree. The arguments to
the struct operator specify the types of the arguments indi-
vidually using MP TypeSpecs. Figure 4 shows how a sparse
matrix can be represented (see also Figures 1 and 2 for com-
parison). Note that the statically de�ned representation in
Figure 1 required 48 bytes and the prototyped version re-
quires only 76 bytes, but the size of the prototype remains
constant.

Union TypeSpec

<Union TypeSpec> ::=
MP CommonOperatorPkt(MP Union)n <MP TypeSpec>n

Figure 4: A sparse matrix

Type Dict Value #Arg:Annot Remarks

COP Matrix SparseMat 1:3

AP Proto MP Prototype
COP Proto MP Struct 3:0
CMP Proto IMP Uint32 rowspec
CMP Proto IMP Uint32 columnspec
CMP Proto IMP Sint32 entry
AP Matrix SpMatRows
MP Uint32 100 #rows
AP Matrix SpMatCols
MP Uint32 100 #cols

1
1
1 [1,1]=1
2
1
1 [2,1]=1
2
4
1 [2,4]=1

MP Union is a union of n prototypes (MP Typespecs). The
index n to a packet speci�cation indicates that this packet
has n arguments, each of which is a prototype (MP Type-
Spec) and the indices 1 to n are used for union discrimina-
tion. The index 1 refers to the �rst prototype, index 2 to
the second prototype, and so on. At communication time,
when the sender is preparing to put a value described by a
MP Union operator, the sender must �rst put an IMP Uint32

in the range 1 to n in the data packet. This discriminator
is followed by the data. In parsing the prototype, the re-
ceiver must remain aware of MP Union operators and store
the argument prototypes in the proper order. In reading
the incoming data for a node described by a MP Union, the
parser must �rst read in an IMP Uint32 identifying the par-
ticular prototype to use, then read in the data according to
that prototype. Obviously, if the receiver reads an index
greater than n, an error must be returned. An example is
given at the end of the section.

4.3.2 Meta Operator TypeSpecs

For objects such as structures and unions, the sender knows
at prototype speci�cation time how many arguments the
structuring operator has. For these objects, the type of each
�eld is given quite easily within the prototype by specifying
them through the operator's arguments. However, this ap-
proach does not work for objects which are a repetition of a
single type speci�cation (an array, for example), or for which
the actual number of arguments is not known at prototype
speci�cation time or for which the number of arguments may
be di�erent for individual instances of the object within the
tree (a pointer or ragged array, for example).

These cases are handled using a variant of the Common
Basic Meta type: MP_CommonMetaOperator. This Meta op-
erator may only appear in a Prototype tree. They have two
de�ning characteristics which distinguish them from general
operators. First, the type of each element in the object is
de�ned through a nested prototype annotation. Second, the
Meta operators have no actual arguments within the Pro-
totype tree. Instead, the number of arguments �eld gives
information about the number of arguments to expect in
the data packet that follows the prototype. There are two
cases to consider:
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1. A meta operator packet with a non-zero number of
arguments �eld. This is the number of elements to
read from the data packet.

2. A meta operator packet with 0 in the number of argu-
ments �eld. The number of arguments to the operator
could not be given at prototype speci�cation time and
the actual number must be read from the data packet.

First we consider arrays, then pointers and recursion.

Array TypeSpec

<Array TypeSpec> ::=
CommonMetaOperatorPkt(MP Array) <Prototype AP>

In the �rst case, the prototype consists of a common
meta operator whose value is MP_Array and whose number
of arguments �eld is non-zero. The common meta opera-
tor has a prototype specifying the type of each argument to
the MP_Array operator. Here the number of arguments �eld
speci�es the number of data items that will appear later in
the data packet and not the number of arguments that imme-
diately follow the operator within the prototype. Consider,
for example, a matrix of reals given as an array of arrays.

In the second case, a MP_Array operator with 0 in the
number of arguments �eld appears in a prototype. As in
the �rst case, the nested prototype gives the type of each
of the arguments of the top-level operator. The 0 in the
number of arguments �eld of the meta operator indicates
that the actual number of arguments the operator has was
not known at prototype speci�cation time and will be given
as an IMP Uint32 in the data packet in the place where this
operator would have appeared (this value could be 0). Con-
sider an array of arrays of di�erent lengths. For example,
((�1;�2;�3); (�4;�5)) in Figure 5. The prototype opera-
tor on line 1 is an array with no arguments, indicating that
at this node's position in the linearized tree (data packet)
the receiver should look for an IMP Uint32 giving the num-
ber of arguments for the subarray, as seen on lines 4 and
5. The receiver knows from the prototype which operator
should appear here (MP_Array). What the sender cannot say
at prototype speci�cation time is how many arguments it ac-
tually has. The head of the prototype, line 1, is an MP_Array

operator with 0 in the #args �eld, so the �rst thing the re-
ceiver would look for is an IMP Uint32 giving the length of
the �rst subarray. The receiver would read in the \3" on
line 4 and then read in three IMP Sint32s, as speci�ed by
the nested prototype on line 3. After having read in the
�rst subarray, the receiver would know to look for the next
IMP Uint32 giving the length of the next subarray, and so
on.

Pointer TypeSpec and recursive data structures

It is important to be able to handle the idea of a \pointer",
especially since this is how recursive data structures are
done. This is accomplished with the MP_Pointer common
operator appearing in a common meta operator packet.

<Pointer TypeSpec> ::=
CommonMetaOperatorPkt(MP Pointer) <Pointer AP>

<Pointer AP> ::=
AP(MP PrototypeAnnot) j AP(MP RecursiveStructAnnot)
j AP(MP RecursiveUnionAnnot)

Figure 5: An uneven array of arrays

Type Dict Value #Arg:Annot Remarks

COP Proto MP Array 2:1 2 elems in the array

AP Proto MP Prototype
CMOP Proto MP Array 0:1 1) di� lengths
AP Proto MP Prototype 2) subarray elem type
CMBP Proto IMP Sint32 0:0 3) are ints

3 4) 3 elem array
-1 1st subarray
-2
-3
2 5) 2 elem array
-4 2nd subarray
-5

The number of arguments to the operator within the
Prototype tree must be 0. Consequently, the number of ar-
guments to the pointer type must be given explicitly in the
data packet as an IMP_Uint32 whose value is either 0, in-
dicating a NULL pointer, or 1, indicating that the pointer
\points to" a block of data. This data immediately fol-
lows the \1" in the data packet. For non-recursive objects,
the structure of this data is given by a prototype to the
MP_Pointer operator.

Recursive data objects are just a special case of struc-
tures or unions. The annotations MP_RecursiveStructAnnot
(MP_RecursiveUnionAnnot) are attached to the struct (union)
operator packet and to the CMOP(MP Pointer) packet to
indicate their recursive nature. A recursive pointer always
points back to the most closely nested recursive structure or
union within the prototype tree. This approach admittedly
provides a limited \namespace", but it is our opinion that
it will support the majority of needs, and, in keeping with
the KISS principle1, we chose not to go immediately to a
true naming mechanism. However, using an annotation to
indicate recursion is a general approach that can easily be
extended simply by adding a naming annotation.

As before, MP_Pointer always has 0 in its number of
arguments �eld. Consequently, the actual number of argu-
ments must be read from the data packet which follows the
prototype tree. This value must be 0 (NULL pointer) or 1
(non-NULL pointer). An accurate mental model of such a
structure is a linked list.

A last example uses MP_Union, MP_Struct, MP_Pointer,
in MP_RecUnion to represent a sparse recursive polynomial
(see Figure 6). Notice how naturally the de�nition below is
described in the prototype between lines 1 and 2.

union SparseRecPoly {

Sint32; // coefficient

struct exponent {

String; // varname

Uint32; // exponent

Pointer struct SparseRecPoly; // multiplic subpoly

Pointer struct SparseRecPoly; // additive subpoly

};

};

The sample data is:
3*x^4(y+2) + x^2 = x^4 + x^2

*

(y + 2)

*

3

1
Keep It Simple Stupid.
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Figure 6: A sparse recursive polynomial

Type Dict Value #Arg:Annot Remarks

COP SparseRecPoly 1:1
AP Proto MP Prototype

COP Proto MP Union 2:1 1) recursive
AP Proto MP RecUnion
CMP Proto IMP Sint32
COP Proto MP Struct 4:0
CMP Proto IMP String var name
CMP Proto IMP Uint32 exponent
CMOP Proto MP Pointer 0:1 mult. subpoly
AP Proto MP RecUnion
CMOP Proto MP Pointer 0:1 add. subpoly
AP Proto MP RecUnion 2)

2 use proto 2
x the outermost var
4 its exponent
2 use proto 2
y the current var
1 its exponent
1 use proto1
3 coef
1 use proto 1
2 coef
2 use proto 2
x var x
2 and the value 2
1 use proto 1
1 value 1
0 ptr: NULL

4.3.3 user-de�ned types

The previous sections described operators de�ned in a MP
dictionary. Users can de�ne their own structured types in
non-MP dictionaries and use them as the value of a Meta
Operator in a Prototype tree following the fashion outlined
in the previous sections (see [6] for further details). This will
be convenient in a number of circumstances and provides the
protocol with extensibility.

5 The mpt library

mpt (Multi Protocol Tree) is a library for parsing and ma-
nipulating MP trees. Its purpose is to support the imple-
mentation of general and e�cient MP interfaces for mathe-
matical software systems.

Development of mpt was mainly motivated by the fol-
lowing problem: While the 
exibility to represent an object
in a variety of formats eases the implementation of an ap-
plication's \Put" interface (the sender can choose to \Put"
the data in the format which is closest to its internal repre-
sentation) and is one of the main sources for achieving high
e�ciency, it complicates the implementation of a receiving
application's \Get" routines: Instead of having to \under-
stand" just one, well-de�ned representation of an object, a
receiver needs to be able to understand the same object in
a variety of representations. For example, an integer matrix
might be received as a prototyped sparse or dense matrix, or
as an ordinary (unprototyped) sparse or dense matrix in an
expression tree format. Realizing that it is a cumbersome re-
quirement that every MP interface needs to understand ev-
ery possible representation of every relevant object, the mpt
library provides routines which allow an application to have
to understand only one representation of an object. The

current mpt library might be considered as a generalization
of the mpp library described in [5]: the data representation
used and the prototype mechanisms provided are more gen-
eral (i.e., not polynomial speci�c), and a greater variety of
tree manipulating routines are provided (see below).

The main data structure mpt operates on is MPT Tree

{ a memory representation of a MP tree. A MPT tree
closely re
ects the structure of the MP encoding: It con-
sists of a MPT Header and a MPT Data. A MPT Header is a
pointer to a structure used for storing properties of a MP
node header (type, dictionary tag, number of arguments an-
notations, etc.) and a MPT Data is a (void *) pointer which
is used for storing the respective node data (e.g., value of
a number, arguments of an operator, characters of a string,
etc.). The explicit separation of the header from the actual
data stems from the fact that MPT uses a principle similar
to MP for handling prototyped data: the same header struc-
ture is used for specifying the type (and, possibly structure)
of more than one data item (i.e., prototyped data is stored
as compactly as it is communicated).

The main routines provided by mpt are MPT GetTree(),
which reads a MP tree from a MP link and transforms it into
a MPT Tree, and various primitive routines for manipulating
MPT Trees (such as transforming all prototyped data into
fully type-speci�ed data, or initializing, copying, deleting,
and comparing MPT Tree's). Additionally, collections of var-
ious subject-speci�c transformations of dictionary-de�ned
objects are provided as add-on libraries (such as the mpp
library, which provides transformations between the di�er-
ent polynomial representations [5], or the mpm library which
provides matrix manipulations).

In its most straightforward form, mpt can be used as
shown in the top row of arrows of Figure 7. Instead of read-
ing in the data directly from aMP link into its internal repre-
sentation, an application uses mpt to �rst read the data into
a MPT Tree, which is subsequently manipulated using the ap-
propriate library or external manipulation routines (e.g., all
polynomials are transformed into a sparse recursive repre-
sentation), and �nally transformed from a MPT Tree into the
application's internal representation. This is the easiest ap-
proach to implement a MP \Get" interface: Not only can
one rely on the various manipulation routines for mpt trees
to transform a MPT Tree object into a unique representation,
but also the transformation from a MPT Tree into an appli-
cation's internal representation is greatly facilitated by the
ability to repeatedly walk through the tree in an arbitrary
order (which is largely impossible, if we were to read the
data directly from a MP link).

However, for objects which could be read directly from
the link into an application's internal representation (i.e.,
objects whose format is nearly identical to the application's
\native" format), the intermediately generated MPT Tree rep-
resentation implies an unnecessary loss of e�ciency. To
avoid this ine�ciency without losing the convenience of the
straightforward approach, we use the following solution: Af-
ter MPT GetTree() has read the header of a node (including
reading all attached annotations), but before reading the
actual data packet, the routine MPT GetApplData() is called
with the node header as an argument. MPT GetApplData() is
a pointer to a function which is to be rede�ned by each appli-
cation. The intended functionality is as follows: An applica-
tion checks the type and/or structure of the object as speci-
�ed by the node header. If the object is in a format which is
close to the application's \native" format, then the data is
read in directly, bypassing MPT GetTree's data read routines
and stored as encapsulated opaque data within a MPT Tree.
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MP Link Data MPT_Tree T1 MPT_Tree T2 
Internal

Representation
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Representation

MPT_PutTree (using a memory link)

MPT_GetTree Manips Transforms

MPT_GetApplData

Figure 7: Getting data with the mpt library

Otherwise, the data is read in by the \normal" MPT GetTree

routines and subsequently manipulated and transformed as
outlined above.

Unfortunately, this optimization approach introduces a
duplication of development e�ort since we need to have two
nearly identical set of routines which transform \native" ob-
jects into the application's internal representation: One set
which accomplishes that from MP link data and another set
which accomplishes the same from MPT Tree data. To over-
come this duplication, we take advantage of MP's abstract
device interface (ADI) [15], and de�ne a new MP transport
device { a MP internal memory device { and can conse-
quently bind this internal memory device to a new type
of MP link: an internal memory link. The ADI opera-
tions are implemented based on the MPT Tree data struc-
tures and on the routines of the mpt library such that writ-
ing/reading a MPT Tree to/from a internal memory MP link
merely amounts to pointer assignments. Consequently, in-
stead of having to implement a second set of routines which
transform native objects from a MPT Tree representation,
we \Put" (\associate" might be a better verb here) the
MPT Tree to an internal MP memory link, and then can use
the same set of \Get" routines which read MP link data di-
rectly into an applications internal representation (see also
the \back loop" of Figure 7).

We wish to point out that, based on the mpt library,
one is able to implement an MP \Get" interface which is
nearly optimal w.r.t. e�ciency (it can basically be as e�-
cient as specialized \canned" \Get" routines) and simplic-
ity/convenience (as an API programmer, one basically needs
to implement one set of Get routines and can let the mpt
library routines do the rest). In other words, mpt is our
answer to the generality versus e�ciency problem on the
programming level.

6 Conclusion

Achieving connectivity between mathematical software pack-
ages presents many challenges. A protocol which expects to
be useful to a broad range of applications that may be con-
nected in a variety of di�erent computing paradigms must
be general as well as e�cient. Generality allows applications
to easily communicate data with a shared understanding of
its syntax and semantics. Di�erent applications have di�er-
ent needs, but e�ciency is, of course, always welcome, and
in some situations (for example for parallel computations)

it is critical.
Our approach has been to attack the syntactic side of

this problem: we discussed it on several levels and proposed
solutions which evolved from our experiences with MP.

At the lowest level, that of the protocol's primitive data
objects (like numbers), a protocol should support encodings
which are widely used and e�cient to communicate. Fur-
ther, the protocol should not �x a standard encoding for
numeric data, but provide means to dynamically determine
the most appropriate data encoding. In this way, costly
conversions which would otherwise occur can be minimized.

At a higher level, dynamic type speci�cations, or proto-
types, should be provided as a powerful mechanism for ex-
pressing structure and type information for commonly used
mathematical objects. While our proposed prototypes are
relatively simple, they provide great 
exibility to model the
structure of a collection of homogeneous data items. This
approach provides complete syntactic and type information
without noticeable loss of e�ciency.

Finally, tools should be provided which simplify the in-
terface programmer's task, both conceptually and in terms
of implementation. (A protocol that is powerful, but dif-
�cult to grasp and/or to implement will have a short life-
span.) We address this problem by providing a 
exible and
e�cient MP parser library which, in combination with the
link and abstract device concepts, eases the implementation
of MP interfaces. Although these features have not received
lavished attention here, their importance should not be un-
derestimated.

We do not expect that all the details of our solutions will
stand the test of time. However, we are convinced that their
principles lead us in the right directions and, together with
enough stamina and cooperative weather, will enable us to
reach our long-sought destination.
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